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In the present paper we study generalized functional identities involving multi-
additive functions. Our results simultaneously generalize Martindale's theorem on
prime rings with generalized polynomial identities and Bresar's results on general-Ï
ized functional identities of degree two. Q 1998 Academic Press
1. INTRODUCTION
w xWe refer the reader to the book of Beidar et al. 2 for the basic
terminology and results of the theory of rings with generalized polynomial
 .identities i.e., rings with GPIs .
 .   ..In what follows R is a prime ring. By Q s Q R Q s Q R , wel l r r
 .denote the left Martindale respectively, right Martindale ring of quo-
 .   ..tients of R. Furthermore, Q s Q R Q s Q R denotes theml ml m r m r
 .maximal left respectively, maximal right ring of quotients of R. Finally,
 .  w xwe denote by Q s Q R the symmetric ring of quotients of R see 6s s
w x .  .and 2, Chapter 2 for details . Recall that the center C of the ring Q Rs
is a field and is called the extended centroid of R. The ring R s RC :c
 .Q R is called the central closure of R.s
 :Let X be an infinite set, C X the free algebra with unity on X, and
 :  :Q X the free product of C-algebras Q and C X . An elementsm r m r
 .  :p x , x , . . . , x g Q X is called a generalized polynomial identity on R1 2 n m r
 .if p r , r , . . . , r s 0 for all r , r , . . . , r g R. If R has a nonzero general-1 2 n 1 2 n
ized polynomial identity, then we shall say that R is GPI. The structure of
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w x.THEOREM 1.1 6, Theorem 3 . Let R be a prime ring. Then R satisfies a
generalized polynomial identity if and only if R contains a nonzero idempo-c
tent e such that eR is a minimal right ideal hence R is a primiti¨ e ring withc c
.nonzero socle and eR e is a finite-dimensional di¨ ision algebra o¨er C.c
Let m and n be natural numbers, let F : Rm ª Q , i s 1, 2, . . . , n, bei m r
mappings and
 :p x , x , . . . , x , y , y , . . . , y g Q X . .1 2 m 1 2 n m r
Then
P x , . . . , x s p x , . . . , x , F x , . . . , x , . . . , F x , . . . , x .  .  . .1 m 1 m 1 1 m n 1 m
 .is called a generalized functional identity on R if P r , . . . , r s 0 for all1 m
r , . . . , r g R. Clearly, every GPI is a generalized functional identity1 m
on R. Now let F: Rmy 1 ª Q and 1 F i F m. We define a mappingm r
F i: Rm ª Q as follows:m r
F i r , r , . . . , r s F r , . . . , r , r , . . . , r .  .1 2 m 1 iy1 iq1 m
 .for all r , . . . , r g R. Next, the map F is called m y 1 -additive, if it is1 m
additive with respect to each argument. Furthermore, we define 0-additive
mappings as the constants.
The study of generalized functional identities was initiated by Bresar inÏ
1995.
w x.THEOREM 1.2 3, Main Theorem . Let R be a prime ring and let
m, n, k, l be positi¨ e integers. Suppose that
n m k l
F y xa q G x yb q c yH x q d xK y s 0 .  .  .  .   i i i i i i i i
is1 is1 is1 is1
for all x, y g R where F , G , H , K : R ª R are additi¨ e mappings andi i i i c
 4  4  4  4a , . . . , a , b , . . . , b , c , . . . , c , d , . . . , d are C-independent subsets1 n 1 m 1 k 1 l
of R. Then one of two possibilities holds:
 .i R is a primiti¨ e ring with nonzero socle and eR e is a finite-dimen-c c
sional di¨ ision algebra o¨er C for each primiti¨ e idempotent e in R .c
 .  .ii There exist elements q g Q R , i s 1, 2, . . . , l, j s 1, 2, . . . , m,i j s c
 .p g Q R , i s 1, 2, . . . , k, j s 1, 2, . . . , n, and additi¨ e maps l : R ª C,i j s c i j
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i s 1, 2, . . . , l, j s 1, 2, . . . , n, m : R ª C, i s 1, 2, . . . , m, j s 1, 2, . . . , k,i j
such that
k l
F y s c yp q l y d for all y g R , i s 1, 2, . . . , n , .  . i j ji ji j
js1 js1
l k
G x s d xq y m x c for all x g R , i s 1, 2, . . . , m , .  . i j ji i j j
js1 js1
n m
H x s y p xa q m x b for all x g R , i s 1, 2, . . . , k , .  . i i j j ji j
js1 js1
m n
K y s y q yb y l y a for all x g R , i s 1, 2, . . . , l .  . i i j j i j j
js1 js1
It is proved that results on generalized functional identities are useful in
 w x.the study of commuting and centralizing additive mappings see 4 . In the
present paper we study generalized functional identities involving multi-
additive mappings and prove the following result which simultaneously
generalizes Theorems 1.1 and 1.2.
THEOREM 1.3. Let R be a prime ring and let r G 2 be an integer.
Furthermore, let n , n , . . . , n , m , m , . . . , m be nonnegati¨ e integers. Sup-1 2 r 1 2 r
pose that
n mjr r l
j j l lF x , . . . , x x a q b x G x , . . . , x s 0 1 .  .  .   ji 1 r j i k l lk 1 r
js1 is1 ls1 ks1
ry1  .for all x , x , . . . , x g R, where F , G : R ª R are r y 1 -additi¨ e1 2 r ji lk c
 j j 4  j j 4mappings and a , . . . , a and b , . . . , b are C-independent subsets of R1 n 1 m cj j
 .for all j s 1, 2, . . . , r. Then either R is GPI, or there exist unique r y 2 -
ry2  .  .additi¨ e mappings p : R ª Q R , and r y 1 -additi¨ e mappingsji lk s c
l : Rry1 ª C such thati lk
mm jl
j l jl j jF x , . . . , x s b x p x , . . . , x q l x , . . . , x b .  .  .  ji 1 r k l ji lk 1 r i jk 1 r k
1FlFr ks1 ks1
l/j
for all x , . . . , x g R , j s 1, 2, . . . , r , i s 1, 2, . . . , n ,1 r j
n nj l
l jl j l lG x , . . . , x sy p x , . . . , x x a y l x , . . . , x a .  .  .  lk 1 r ji lk 1 r i i i lk 1 r i
1FjFr is1 is1
j/l
for all x , . . . , x g R , l s 1, 2, . . . , r , k s 1, 2, . . . , m .1 r l
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i l  .Moreo¨er, there exists a nonzero ideal I of R such that P x , . . . , x I jji lk 1 r
i l  .I p x , . . . , x : R for all x , . . . , x g R, jl s 1, . . . , r, i s 1, . . . , n ,ji lk 1 r c 1 r j
k s 1, . . . , m .l
We note that it is understood that
nj
j jF x , . . . , x x a s 0 . i 1 r j i
is1
 j j 4  .and the set a , . . . , a is empty and hence C-independent if n s 0.1 n jj
2. PROOF OF MAIN THEOREM
Given q g Q , we define mappings l , r : Q ª Q by the rulem r q q m r m r
l x s qx , r x s xq for all x g Q . .  .q q m r
 .Clearly, l , r g End Q . Settingq q C m r
 4  4R s l N a g R and R s r N a g R ,l a r a
 .  .  .we note that M R s R R : End Q is a subring of End Q . Ifl r C m r C m r
n  .  . nh s  l r g M R and x g Q , then h x s  a xb .is1 a b m r is1 i ii i
In what follows N denotes the set of all nonnegative integers, and
U  4 < <N s n g N N n ) 0 . We denote by X the cardinality of a set X.
w x  .First we recall that by 2, Corollary 6.1.7 , R is GPI if and only if Q Rm r
is GPI. Next we state the following version of a result, which is due to
w xErickson et al. 5, Theorem 3.1 .
w x.THEOREM 2.1 2, Theorem 2.3.3 . Let A be a semiprime ring, n g N,
 . nwith n ) 1 and q , q , . . . , q g Q A . Suppose that q f  Cq . Then1 2 n m r 1 is2 i
 .  .  .there exists h g M A such that h q / 0 and h q s 0 for all i s1 i
2, 3, . . . , n.
w x.LEMMA 2.2 6, Theorem 1 . Let a, b g R . Suppose that a / 0 andc
axb s bxa for all x g R . Then b g Ca.c
Let D be a dense right ideal of a prime ring R. Then D is a semiprime
w x  .  . w xring by 2, Lemma 2.1.9 , and Q D s Q R by 2, Proposition 2.1.10 .m r m r
 .  wSince the center C of Q D is field, D must be a prime ring see 2,m r
x.Lemma 2.3.10 . Taking into account this observation, the following result
w x  w x.is a particular case of 1, Lemma 1 see also 2, Lemma 6.1.8 .
COROLLARY 2.3. Let D be a dense right ideal of R, r g NU and
 j j j 4n , n , . . . , n g N. Furthermore, let b , b , . . . , b be a C-independent sub-1 2 r 1 2 n j
 .  .set of Q R , 1 F j F r and let b g Q R be a nonzero element. Supposem r m r
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that R is not GPI. Then there exists y g D such that the following subsets of
Q are C-independent:m r
br ybr y br ybr N j s 1, 2, . . . , n y 1 4j n n j rr r
and
b j , b j , . . . , b j , b j yb , b j yb , . . . , b j yb , j s 1, 2, . . . , r . 51 2 n 1 2 nj j
U ry1  .LEMMA 2.4. Let r g N and n , n , . . . , n g N, let g : R ª Q R ,1 2 r i j l c
 i i i 4  .i s 1, 2, . . . , r, j s 1, 2, . . . , n be mappings and let a , a , . . . , a : Q R ,i 1 2 n si
i s 1, 2, . . . , r be C-independent subsets. Suppose that R is not GPI and
nr i
i iG x , . . . , x s g x , x , . . . , x x a g R .  . 1 r i j 1 2 r i j c
is1 js1
for all x , x , . . . , x g R. Then there exists a nonzero ideal J of R such that1 2 r
i  .g x , . . . , x J : R for all x , . . . , x g R, i s 1, 2, . . . , r, j s 1, 2, . . . , n .i j 1 r c 1 r i
ry1  .Furthermore, g : R ª Q R for all i, j.i j s c
Proof. We proceed by induction on
 4k G s i N 1 F i F r , n / 0 . . i
 .The case k G s 0 is vacuous and so the lemma holds. Now suppose that
 .k G ) 0. Pick s such that 1 F s F r and n / 0. Now pick t withs
1 F t F n . We claim that there exists a nonzero ideal J of R such thati s t
s  .g x , . . . , x J : R for all x , x , . . . , x g R. Indeed, first suppose thatst 1 r st c 1 2 r
s  .n s 1. Since a g Q R , there exists a nonzero ideal D of R suchs 1 s
that as D j Das : R. By Corollary 2.3, there exists y g D such that1 1
ai , ai , . . . , ai , ai yas , ai yas , . . . , ai yas 41 2 n 1 1 2 1 n 1i i
is a C-independent subset for all i s 1, 2, . . . , r, i / s. Setting
H x , x , . . . , x s G x , . . . , x , x as y , x , . . . , x .  .1 2 r 1 sy1 s 1 sq1 r
y G x , x , . . . , x yas , .1 2 r 1
we obtain that
ni




i i sy g x , x , . . . , x x a ya , .  i j 1 2 r i j 1
1FiFr js1
i/s
 .  .and so k H s k G y 1. Applying the induction assumption, we see that
i  .there exists a nonzero ideal I of R such that g x , x , . . . , x I : R fori j 1 2 r c
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all x , . . . , x g R, i s 1, 2, . . . , r, i / s, j s 1, 2, . . . , n . Choose a nonzero1 r i
ideal J of R such that ai J : R for all i and j. We now get thatj
ni
i ig x , x , . . . , x x a JI : R .  i j 1 2 r i j c /1FiFr js1
i/s
r s  . sfor all x , x , . . . , x g R. Since G: R ª R , g x , . . . , x x a JI : R1 2 r c s1 1 r s 1 c
for all x , x , . . . , x g R. Setting J s Ras JI, we complete the proof of1 2 r s1 1
our claim in the case when n s 1.s
Now assume that n ) 1. By Theorem 2.1 there exists h s k l r gs ls1 b cl l
 .  s.  s.M R such that h a s a / 0 and h a s 0 for all j / t, where b 's andt j l
c 's are in R. Settingl
k
H x , x , . . . , x s G x , . . . , x b , . . . , x c , .  .1 2 r 1 s l r l
ls1
we see that H can be written in the form
mi
i i sH s q x , . . . , x x d q g x , . . . , x x a, .  .  i j 1 r i j s t 1 r s
1FiFr js1
i/s
i ry1  .  i i 4where q : R ª Q R and d , . . . , d is a C-independent subset ofi j l c 1 m j
 .Q R for all i / s. By the above result there exists a nonzero ideal J ofs st
s  .R such that g x , . . . , x J : R for all x , . . . , x g R. Setting J sst 1 r st c 1 r
r  ni . i  .F F J , we see that g x , . . . , x J : R for all x , . . . , x g R,is1 js1 i j i j 1 r c 1 r
i s 1, 2, . . . , r, j s 1, 2, . . . , n . To complete the proof, we note thati
i  . .g x , . . . , x JC : R for all x , . . . , x g R. Since JC is a nonzero ideali j 1 r c 1 r
i  .  . i  .of R and g x , . . . , x g Q R , we conclude that g x , . . . , x gc i j 1 r l c i j 1 r
 .Q R for all x , . . . , x g R, i s 1, 2, . . . , r, j s 1, 2, . . . , n . The proof iss c 1 r i
complete.
Analogously, one can prove the following result.
U ry1  .LEMMA 2.5. Let r g N and n , n , . . . , n g N; let g : R ª Q R ,1 2 r i j r c
 i i i 4  .i s 1, 2, . . . , r, j s 1, 2, . . . , n be mappings; and let a , a , . . . , a : Q R ,i 1 2 n si
i s 1, 2, . . . , r be C-independent subsets. Suppose that R is not GPI and
nr i
i iG x , . . . , x s a x g x , x , . . . , x g R .  . 1 r j i i j 1 2 r c
is1 js1
for all x , x , . . . , x g R. Then there exists a nonzero ideal J of R such that1 2 r
i  .Jg x , . . . , x : R for all x , . . . , x g R, i s 1, 2, . . . , r, j s 1, 2, . . . , n .i j 1 r c 1 r i
ry1  .Furthermore, g : R ª Q R for all i, j.i j s c
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THEOREM 2.6. Let r g NU and n , n , . . . , n , m g N. Furthermore,1 2 r
ry1  . rlet g : R ª Q R , m : R ª C be mappings, i s 1, 2, . . . , r, j si j m r l
1, 2, . . . , n , l s 1, 2, . . . , m, and leti
 4 i i ib , b , . . . , b , a , a , . . . , a , i s 1, 2, . . . , r 41 2 m 1 2 ni
be C-independent subsets of Q . Suppose that R is not GPI andm r
nr mi
i iG x , . . . , x s g x , . . . , x x a q m x , . . . , x b s 0 .  .  .  1 r i j 1 r i j l 1 r l
is1 js1 ls1
2 .
for all x , . . . , x g R. Then g s 0 s m for all i, j, l.1 r i j l
Proof. It is enough to show that all g s 0. Indeed, then all the m s 0,i j l
because b , b , . . . , b are C-independent. We proceed by induction on1 2 m
 4k G s i N 1 F i F r , n / 0 . . i
 .If k G s 0, then the theorem holds by the above observation. Now
 .suppose that k G ) 0. Pick s such that 1 F s F r and n / 0, and pick ts
with 1 F t F n . It is enough to show that g s 0. First, suppose thati s t
n s 1. Then there exists a dense right ideal D of R such that as D : R.s 1
By Corollary 2.3 there exists y g D such that the following subsets of Qm r
are C-independent:
b , b , . . . , b , b yas , b yas , . . . , b yas 41 2 m 1 1 2 1 m 1
and
ai , ai , . . . , ai , ai yas , ai yas , . . . , ai yas , i s 1, 2, . . . , r , i / s. 41 2 n 1 1 2 1 n 1i i
Set
H x , x , . . . , x s G x , . . . , x , x as y , x , . . . , x .  .1 2 r 1 sy1 s 1 sq1 r
y G x , x , . . . , x yas . .1 2 r 1
Clearly,
ni








sq m x , . . . , x a y , . . . , x b . l 1 s 1 r l
ls1
m
sy m x , . . . , x b ya s 0 . l 1 r l 1
ls1
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 .  .and so k H s k G y 1. Applying the induction assumption, we see that
g i s 0 s m for all i s 1, 2, . . . , r, i / s, j s 1, 2, . . . , n , l s 1, 2, . . . , m.i j l i
 . s  . sNow 2 yields that g x , . . . , x x a s 0 for all x , . . . , x g R. Since Rs1 1 r s 1 1 r
s s  wis a prime ring and a / 0, we conclude that g s 0 see 2, Lemma1 s1
x.2.3.10 .
Now assume that n ) 1. By Theorem 2.1 there exists h s k l r gs ls1 c dl l
 .  s.  s.M R such that h a s a / 0 and h a s 0 for all j / t, where c 's andt j l
d 's are in R. Settingl
k
H x , x , . . . , x s G x , . . . , x c , . . . , x d , .  .1 2 r 1 s l r l
ls1
 .we see that H x , . . . , x s 0 for all x , . . . , x g R, and it can be written1 r 1 r
in the form
mi




q n x , . . . , x d . l 1 r l
ls1
r  4 ry1where n : R ª C, d , . . . , d is C-independent, q : R ª Q , andl 1 m i j m rrq 1
 i i 4d , . . . , d is a C-independent subset of Q for all i / s. By the above1 m m ri
result we conclude that g s 0. The proof is thereby complete.st
The following result is proved similarly.
THEOREM 2.7. Let r g NU and n , n , . . . , n , m g N. Furthermore,1 2 r
ry1  . rlet g : R ª Q R , m : R ª C be mappings, i s 1, 2, . . . , r, j si j ml l
1, 2, . . . , n , l s 1, 2, . . . , m, and leti
 4 i i ib , b , . . . , b , a , a , . . . , a , i s 1, 2, . . . , r 41 2 m 1 2 ni
be C-independent subsets of Q . Suppose that R is not GPI andml
nr mi
i iG x , . . . , x s a x g x , . . . , x q m x , . . . , x b s 0 .  .  .  1 r j i i j 1 r l 1 r l
is1 js1 ls1
for all x , . . . , x g R. then g i s 0 s m for all i, j, l.1 r i j l
LEMMA 2.8. Let r g NU and n , n , . . . , n , m g N. Furthermore, let g :1 2 r i j
ry1  . rR ª Q R , m : R ª C be mappings, i s 1, 2, . . . , r, j s 1, 2, . . . , n ,m r l i
l s 1, 2, . . . , m, and let
 4 i i ib , b , . . . , b , a , a , . . . , a , i s 1, 2, . . . , r 41 2 m 1 2 ni
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be C-independent subsets of Q . Suppose that R is not GPI andm r
nr mi
i iG x , . . . , x s g x , . . . , x x a q m x , . . . , x b .  .  .  1 r i j 1 r i j l 1 r l
is1 js1 ls1
r  .  .is an r-additi¨ e mapping R ª Q R . Then the g 's are r y 1 -additi¨ em r i j
mappings and the m 's are r-additi¨ e mappings.l
Proof. Pick s with 1 F s F r. Fix xX , xY g R. Sinces s
G x , . . . , xX q xY , . . . , x y G x , . . . , xX , . . . , x .  .1 s s r 1 s r
y G x , . . . , xY , . . . , x s 0, .1 s r
we conclude that
ni
X Yig x , . . . , x q x , . . . , x .  i j 1 s s r
1FiFr js1
i/s
X Yi i iyg x , . . . , x , . . . , x y g x , . . . , x , . . . , x x a .  .i j 1 s r i j 1 s r i j
m
X Yq m x , . . . , x q x , . . . , x . l 1 s s r
ls1
X Yym x , . . . , x , . . . , x y m x , . . . , x , . . . , x b s 0 .  .l 1 s r l 1 s r l
for all x , . . . , x , x , . . . , x g R. According to Theorem 2.6 we have1 sy1 sq1 r
that
g i x , . . . , xX q xY , . . . , x y g i x , . . . , xX , . . . , x .  .i j 1 s s r i j 1 s r
y g i x , . . . , xY , . . . , x s 0 .i j 1 s r
for all x , . . . , x , xX , xY, x , . . . , x g R and i / s. It follows that the1 sy1 s s sq1 r
 .g 's are r y 1 -additive mappings. Analogously, one can show that thei j
m 's are r-additive.l
The following lemma is proved analogously.
LEMMA 2.9. Let r g NU and n , n , . . . , n , m g N. Furthermore, let g :1 2 r i j
ry1  . rR ª Q R , m : R ª C be mappings, i s 1, 2, . . . , r, j s 1, 2, . . . , n ,ml l i
l s 1, 2, . . . , m, and let
 4 i i ib , b , . . . , b , a , a , . . . , a , i s 1, 2, . . . , r 41 2 m 1 2 ni
be C-independent subsets of Q . Suppose that R is not GPI andml
nr mi
i iG x , . . . , x s a x g x , . . . , x q m x , . . . , x b .  .  .  1 r j i i j 1 r l 1 r l
is1 js1 ls1
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r  .  .is an r-additi¨ e mapping R ª Q R . Then the g 's are r y 1 -additi¨ eml i j
mappings and the m 's are r-additi¨ e mappings.l
w x.LEMMA 2.10 3, Lemma 5A . Let J be a nonzero ideal of R and let
G: J ª R be an additi¨ e map. Suppose there is a nonzero element a g Rc
 .  .  .such that G yax s ayG x for all x, y g J. Then there exists q g Q Rl c
 .such that G x s axq for all x g J.
wThe proof of the following result is a modification of that of 3, Lem-
xma 5A .
LEMMA 2.11. Let J be a nonzero ideal of R and let G: R ª Q be anml
 .additi¨ e map such that G J : R . Suppose there is a nonzero elementc
 .  .a g R such that Ja : R and G yax s ayG x for all x g R, y g J. Thenc
 .  .there exists a uniquely determined element q g Q R such that G x s axql c
for all x g R.
 .Proof. Set I s C JaR . Clearly I is a nonzero ideal of R . Define ac
map f : I ª R by the rulec
f c x ay s c x G y , c g C , x , y g R . . i i i i i i i i i /
i i
We claim that f is well defined. Indeed, assume that  c x ay s 0. Pick ai i i i
nonzero ideal K of R such that Kc : J for all i. Let z g K. Theni
zc x g J for all i, and  zc x ay s 0. We now havei i i i i i
az c x G y s a zc x G y s G zc x ay s 0 .  .  .  i i i i i i i i i /
i i i
 .for all z g K. As R is a prime ring, we conclude that  c x G y s 0, andi i i i
 .so f  c x ay s 0. Thus f is a well-defined homomorphism of lefti i i i
 .R -modules, and hence there exists an element q g Q R such thatc l c
 .  .  .f u s uq for all u g I. Given x, y g R, we have that xay q s f xay s
 .   ..  .xG y , and so x ayq y G y s 0. Since R is prime, we get G y s ayq for
all y g R.
 . X X  .Now suppose that G x s axq for all x g R, where q g Q R andl c
X  X.  .  .q / q. Then ax q y q s 0 for all x g R. Since Q R : Q R , therel c ml
 X.exists a dense left ideal D of R such that 0 / D q y q : R. Pick d g D
 X.  X .such that d q y q / 0. Then aRd q y q s 0, contradicting the prime-
ness of R. The proof is thereby complete.
The following result is proved similarly.
LEMMA 2.12. Let J be a nonzero ideal of R and let x : R ª Q be anm r
 .additi¨ e map such that x J : R . Suppose that there is a nonzero elementc
 .  .a g R such that aJ : J and x xay s x x ya for all x g R, y g J. Thenc
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 .  .there exists a uniquely determined element q g Q R such that x x s qxar c
for all x g R.
Proof of Theorem 1.3. First we make the following general observations.
Let i, j g NU with 1 F j F r, n / 0 and 1 F i F n . Suppose thatj j
mm jl




ry2  . ry1for some mappings p : R ª Q R and l : R ª C. Then byji lk r c i jk
ry2  .Lemma 2.5, all of the p 's map R into Q R . Furthermore, accord-ji lk s c
 .ing to Lemma 2.9, all of the p 's are r y 2 -additive, and all of the l 'sji lk i jk
 .  .are r y 1 -additive. Next, Theorem 2.7 implies that 3 uniquely defines
 .p 's and l 's. Finally, assume that 3 holds for all j s 1, 2, . . . , r,ji lk i jk
 .  .i s 1, 2, . . . , n . Then substituting 3 into 1 , we obtainj
nm jr l
l l jl jb x G x , . . . , x q p x , . . . , x x a .  .   k l lk 1 r ji lk 1 r j i
ls1 ks1 1FjFr is1
j/l
nl
l lq l x , . . . , x a s 0, . i lk 1 r i
is1
and so Theorem 2.7 yields
nj




l ly l x , . . . , x a 4 .  . i lk 1 r i
is1
for all x , . . . , x g R, l s 1, 2, . . . , r, k s 1, 2, . . . , m . The similar observa-1 r l
tions can be made with respect to Gl 's. Therefore to prove the theorem, itlk
 .  .is enough to show that 3 or 4 is satisfied.
We now set
n mjr r l
j j l lG x , . . . , x s F x , . . . , x x a q b x G x , . . . , x .  .  .   1 r ji 1 r j i k l lk 1 r
js1 is1 ls1 ks1
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and proceed by induction on
 4k G s j N 1 F j F r , n / 0 q l N 1 F l F r , m / 0 . 4 . j l
 .First suppose that k G s 1, say n s 1, m s 0, and n s 0 s m for all1 1 j j
j s 2, 3, . . . , r. Then
n1
1 1F x , . . . , x x a s 0 for all x g R . . 1 i 1 r 1 i 1
is1
By Theorem 2.6 we have that F 1 s 0 for all i s 1, 2, . . . , n , and so the1 i 1
theorem holds in this case.
 .Now assume that k G ) 1. If m s 0 for all j s 1, 2, . . . , r, then thej
result follows from Theorem 2.7. Therefore, without loss of generality we
may assume that m / 0. There are two cases to consider.r
Case 1. Suppose that m s 1. Since br g R , there exists a nonzeror 1 c
ideal D of R such that Dbr : R. Pick y g D and set1
H x , x , . . . , x s G x , . . . , x , ybr x y br yG x , x , . . . , x . .  . .1 2 r 1 ry1 1 r 1 1 2 r
Then
njry1
j r r j jH s F x , . . . , yb x y b yF x , . . . , x x a . .  ji 1 1 r 1 ji 1 r j i
js1 is1
nr
r r r r rq F x , . . . , x yb y b yF x , . . . , x x a .  . r i 1 r 1 1 r i 1 r r i
is1
mry1 l
l l rq b x G x , . . . , yb x .  k l lk 1 1 r
ls1 ks1
mry1 l
r l ly b yb x G x , . . . , x s 0 5 .  .  1 k l lk 1 r
ls1 ks1
for all x , . . . , x g R. By Corollary 2.3 there exists y g D such that1 r
bl , bl , . . . , bl , br ybl , br ybl , . . . , br ybl 6 . 41 2 m 1 1 1 2 1 ml l
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 .  .is a C-independent subset for all l s 1, 2, . . . , r y 1. Since k H s K G
y 1, by the induction assumption we have that
nj




l ly l x , . . . , x a . i lk 1 r i
is1
for all x , . . . , x g R, l s 1, 2, . . . , r y 1, k s 1, 2, . . . , m . By the induction1 r l
assumption there exists a nonzero ideal I of R such that
Jp jl x , . . . , x : R 7 .  .ji lk 1 r c
for all x , . . . , x g R, j s 1, 2, . . . , r, i s 1, 2, . . . , n , l s 1, 2, . . . , r y 1,1 r j
 .l / j, k s 1, 2, . . . , m . Now 5 can be rewritten as follows:l
njry1
j r r jF x , . . . , yb x y b yF x , . . . , x . .  ji 1 1 r 1 ji 1 r
js1 is1
ml




j r jy l x , . . . , yb x b . i jk 1 1 r k
ks1
ml




j r j jq l x , . . . , x b yb x a . i jk 1 r 1 k j i
ks1
nr
r r r rq F x , . . . , x yb y b yF x , . . . , x .  . r i 1 r 1 1 r i 1 r
is1
mry1 l
l r l ry b x p x , . . . , x yb .  k l r i lk 1 r 1
ls1 ks1
mry1 l




for all x , x , . . . , x g R, y g D. Applying Theorem 2.6, we get1 2 r
ml




j r jy l x , . . . , yb x b . i jk 1 1 r k
ks1
ml




j r jy l x , . . . , x b yb 8 .  . i jk 1 r 1 k
ks1
for all x , x , . . . , x g R, y g D, j s 1, 2, . . . , r y 1, i s 1, 2, . . . , n , and1 2 r j
mry1 l
r r l r lb y F x , . . . , x y b x p x , . . . , x .  . 1 r i 1 r k l r i lk 1 r
ls1 ks1
mry1 l
r l r l rs F x , . . . , x y b x p x , . . . , x yb 9 .  .  . r i 1 r k l r i lk 1 r 1
ls1 ks1
 .for all x , x , . . . , x g R, i s 1, 2, . . . , n . First we consider 8 . Setting1 2 r r
mk




j jy l x , . . . , x b , . i jk 1 r k
ks1
we see that
U j x , . . . , x , ybr x s br yU x , . . . , x 10 .  . .ji 1 ry1 1 r 1 1 r
for all x , x , . . . , x g R, y g D, j s 1, 2, . . . , r y 1, i s 1, 2, . . . , n .1 2 r j
Clearly there exists a nonzero ideal I of R such that bl I, Ibl : R for allk k
l s 1, 2, . . . , r, k s 1, 2, . . . , m . Set K s IJIb r R. It follows from the defini-l 1
 .  . j .tion of U , 7 and 10 , that U x , . . . , x g R for all x , . . . , x g Ri j ji 1 r c 1 ry1
and x g K. By Lemma 2.11 there exists a uniquely determined elementr
j  .  .p x , . . . , x g Q R such thatji r1 1 ry1 l c
U j x , . . . , x s br x p j x , . . . , x s br x p jr x , . . . , x .  .  .ji 1 r 1 r ji r1 1 ry1 1 r ji r1 1 r
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for all x , . . . , x g R, j s 1, 2, . . . , r y 1, i s 1, 2, . . . , n . It follows that1 r j
mm jl




 .for all x , . . . , x , j s 1, 2, . . . , r y 1, i s 1, 2, . . . , n . Next we consider 9 .1 r j
Applying Lemma 2.2, we see that there exists lr : Rry1 ª C such thati r1
mry1 l
r l r l r rF x , . . . , x y b x p x , . . . , x s l x , . . . , x b .  .  . r i 1 r k l r i lk 1 r i r1 1 r 1
ls1 ks1
 .for all x , x , . . . , x g R, i s 1, 2, . . . , n . That is to say, 11 holds for all1 2 r r
j s 1, 2, . . . , r. Applying the above observation, we complete the proof of
the case.
Case 2. Suppose that m G 1. We proceed by induction on m . Ifr r
m s 1, then the statement follows from Case 1. Since br g R , therer m c
exists a nonzero ideal D of R such that Dbr : R. Setm
H x , x , . . . , x s G x , . . . , x , ybr x y br yG x , x , . . . , x . .  . .1 2 r 1 ry1 m r m 1 2 rr r
Then
njry1
j r r j jH s F x , . . . , yb x y b yF x , . . . , x x a . .  ji 1 1 r 1 ji 1 r j i
js1 is1
nr
r r r r rq F x , . . . , x yb y b yF x , . . . , x x a .  . r i 1 r m m r i 1 r r ir r
is1
m mry1 ry1l l
l l r r l lq b x G x , . . . , yb x y b yb x G x , . . . , x . .   k l lk 1 1 r 1 k l lk 1 r
ls1 ks1 ls1 ks1
m y1r
r r r r rq b yb y b yb x G x , . . . , x . . k m m k r r k 1 rr r
ks1
for all x , . . . , x g R. By Corollary 2.3 there exists y g D such that the1 r
following subsets of R are C-independent:c
br ybr y br ybr N k s 1, 2, . . . , m y 1 4k m m k rr r
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and
bl , . . . , bl , br ybl , . . . , br ybl , l s 1, 2, . . . , r y 1. 41 m m 1 m ml r r l
By the induction assumption,
nj




l ly l x , . . . , x a , . i lk 1 r i
is1
for all x , . . . , x g R, l s 1, 2, . . . , r, k s 1, 2, . . . , m y d , where d is1 r l l r l r
Kroneker's symbol. Computing
H x , x , . . . , x s G x , . . . , x , ybr x .  .1 2 r 1 ry1 m y1 rr
y br yG x , x , . . . , x , .m y1 1 2 rr
we conclude that Gr has this form also. Applying the above observation,r , m r
we complete the proof of the theorem.
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